Abstract. We study a manufacturing firm that builds a product to stock to meet a random demand. If there is a positive surplus of finished goods, customers make their purchases without delay and leave. If there is a backlog, the customers are sensitive to the quoted lead time and some choose not to order if they feel that the lead time is excessive. A set of subcontractors, who have different costs and capacities, are available to supplement the firm's production capacity. We derive a feedback policy that determines the production rate and the rate at which the subcontractors are requested to deliver products. The performance of the system, when it is managed according to this policy, is evaluated.
Introduction
In many industries, companies are faced with increasing demand volatility. In this environment, retailers that adopt lean retailing practices place a larger fraction of their orders during the busy season in order to reduce the risks associated with carrying too much or too little inventory (Abernathy et al., 1999) . As a result, the retailers demand that manufacturers respond quickly to changes in customer demand. Furthermore, as competition increases, customers become more sensitive to the delivery time. Consequently, a potential customer can be lost if the lead time is too long.
In order to respond quickly to the retailer demand, a manufacturer can produce well in advance to stock or increase its capacity to reduce the lead time. Often, neither of these choices is desirable. Utilizing subcontractors can be an attractive option for manufacturers with limited capacity and volatile demand. Moreover, higher prices associated with subcontractors can be justified by reduced inventory carrying, lost sales, and markdown costs (Abernathy et al., 2000) .
The purpose of this study is to analyze the production and subcontracting strategies for a manufacturer with limited capacity and volatile lead time-dependent demand by utilizing a stochastic optimal control problem formulation. We extend the one-part-type, one-machine control problem of Bielecki and Kumar (1988) . Bielecki and Kumar (1988) obtained an analytic solution to a special case of the hedging point problem of Kimemia and Gershwin (1983) , in which a factory manager had to decide how to operate an unreliable machine to best satisfy a constant demand. We extend the model in three important directions.
Subcontractors and alternative production resources
First, we provide the factory manager with external sources for the product. In this way, if demand temporarily exceeds capacity, the manager may purchase some of the product from others to reduce backlog, improve service to customers, and reduce the number of lost sales. However, this comes at a price: the profit made from purchased finished products is less than that from items produced in-house.
The same model may be used for a different purpose. This is where there are alternative production resources available within a single factory. They have different operating costs and different maximum production rates. The manager must decide which resource to use at any time.
Backlog and customer behavior
Second, we treat backlog in a more fundamental way than Kimemia and Gershwin (1983) , Bielecki and Kumar (1988) , or any of the subsequent papers that refined or extended their models of real-time scheduling of manufacturing systems. In these papers, the difference between cumulative production and cumulative demand is called surplus, and is usually represented by x. When x is negative, it is backlog. The performance objective to be minimized is a function of x, which increases as x deviates from 0, for both x positive and x negative. In this way, the optimization tends to keep x near 0. This makes economic sense for x > 0. In that case, x is finished goods inventory, and there are clear, tangible costs associated with inventory (including the interest cost on the raw material, the floor space devoted to storage, etc.). However, there is no such tangible cost associated with backlog. The undesirable consequence of backlog is the loss of sales, and lost sales are not related to backlog by a simple quantitative relationship.
Here, instead of including an explicit cost term for x < 0, we model the response of potential customers to backlogs. In this model, if there is a positive surplus of finished goods, the customers make their purchases without delay and leave. If there is a backlog, some fraction of the customers are willing to wait to make their purchases, but others depart in disgust. The greater the backlog, the more customers leave without making a purchase.
The reason for avoiding backlog comes from the fact that some potential customers choose not to place orders, and such lost sales reduce revenues. In this way, we replace an artificial, contrived cost term with a more natural model of the phenomenon that causes the cost.
